Introduction
Searching for viscous shock pro les of the Riemann problem, we consider systems of hyperbolic balance laws of the form u t + f(u) x = ?1 g(u) + u xx ;
(1.1) with u = (u 0 ; u 1 ; ; u N ) 2 IR N+1 ; f 2 C 3 ; g 2 C 2 ; > 0; and with real time t and space x: We assume strict hyperbolicity, that is, the Jacobian A(u) = f 0 (u) possesses simple real distinct eigenvalues 0 ; 1 ; ; N 2 spec A(u) In other words, the asymptotic states u must be equilibria of the reaction term g(u): In the conservation law case, g 0; this condition does not impose any restraint on the Riemann values u : In the other extreme of a reaction term g with unique equilibrium, we obtain u + = u ? and traveling shock pro les do not exist. In the present paper, we assume that the u 0 ?component does not contribute to the reaction terms and still all reaction components vanish, say at u = 0: Speci cally, we assume throughout this paper that Here A = A(u); and g 0 = g 0 (u) describes the Jacobi matrix of the reaction term g at u = u : In (1.11) we write s rather than s id; for brevity. In the case g 0 of pure conservation laws, the linearization L possesses an (1.14) with omitted entries being zero. Note that these data can arise from ux functions f which are gradient vector elds, still giving rise to purely imaginary eigenvalues. At the end of this paper we present a speci c example where the reaction terms _ u = g(u) alone, likewise, do not support even transient oscillatory behavior; see (3.12). The interaction of ux and reaction, in contrast, is able to produce purely imaginary eigenvalues of the linearization L as follows. Fig. 1.1, a) .
In the elliptic case all nonequilibrium trajectories starting in U are heteroclinic between equilibria u = (u 0 ; 0; ; 0) on opposite sides of u 0 = 0: If F(u) is real analytic near u = 0; then the two-dimensional strong stable and strong unstable manifolds of u within the center manifold intersect at an angle which possesses an exponentially small upper bound in terms of ju j:
See Fig. 1.1,b) .
In the present paper, we apply theorem 1.2 to the problem of zero speed viscous pro les of systems of hyperbolic balance laws near Hopf points as in proposition 1.1. Nonzero shock speeds can be treated completely analogously, absorbing them into the ux term. Speci c choices of ux f(u) and reaction terms g(u) are presented in corollary 3.3; see (3.12). In the elliptic case = ?1, we nevertheless observe (at least) pairs of weak shocks with oscillatory tails, connecting u ? and u + : In the hyperbolic case = +1; viscous pro les leave the neighborhood U and thus represent large shocks. At u 0 = 0; their pro les change discontinuously and the role of the u 0 ?axis switches from left to right asymptotic state with oscillatory tail. This paper is organized as follows. In section 2 we check transversality condition (1.22) for the purely imaginary eigenvalues. We also compute an expansion in terms of for the eigenprojection P 0 onto the trivial kernel along the u 0 ?axis. In section 3, we check nondegeneracy condition (1.23) for Z P 0 F(0) it remains to check the nondegeneracy assumption Z P 0 F 6 = 0; see (1.23). In lemma 3.1, we check this assumption in the limit & 0: In corollary 3.2, we provide explicit expressions for the type determining sign = 1 de ned in (1.24). In particular, we show in corollary 3.3 that both the hyperbolic case = +1 and the elliptic case = ?1 can be realized by our nonlinear hyperbolic balance laws, even with gradient ux terms. This then completes the proof of theorem 1.3.
To check nondegeneracy condition (1.23) on Z P 0 F in the limit & 0; we use the following notation. By transverse eigenvalue crossing at = 0; lemma 2.1, we also obtain purely imaginary eigenvalues i! at equilibria u = (u 0 ; 0; ; 0) = (u ; 0) on the u 0 ?axis, for small > 0: Let Z denote the corresponding eigenspace. We recall our expression for the eigenprojection P 0 onto the trivial kernel, These choices correspond to = 2; = 1 2 ; ? = +1:
